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Abstract. We study a class of strongly irreducible, multidimensional, topological 
Markov shifts, comparing two notions of "symmetric measure" : exchangeability and 
the Gibbs (or conformal) property. We show that equilibrium measures for such 
shifts (unique and weak Bernoulli in the one dimensional case) exhibit a variety of 
spectral properties. 



Introduction 

Let S be a finite set of spins and let T be a countable set of sites. The tail (or 
Gibbs or homoclinic) relation on a configuration set (or lattice system) X G B(S r ) 
(the Borel subsets of X) is defined by 

%(X) := {(x,y) G X x X : 3 F C T, #F < oo, x F , = y F .}. 

Here, for ieS r , A C T, x\ G S A is the A-restriction of x to A, defined by {xtCjj = 
Xj (j G A) (and the collection of A-restrictions is Xa '■= {^a : x G X} C S A ). 
The exchangeable relation on X is 

£{X) := {{x, y) G X x X : 3 F C T, #F < oo, x F . = y F ., 

3 a permutation a : F —> F, yi — x a u-\ V i G -F} 

c i(x). 

Both the exchangeable and tail relations are countable equivalence relations in the 
sense of [FM] (Borel measurable equivalence relations with countable equivalence 
classes). 

In this paper, we consider £(X)- and T(AT)-invariant measures when T = Z d and 
X is a Z d -topological Markov shift. 

The shift action T on S z " is the Z d action T k : S z " -> S" 2 " (fc G Z d ) defined by 
(Tkx) n := x n+ k (k,n G A 7L d -subshift is a closed subset X C S z which is 
T-invariant {T k X = X V k G 1 d ). 

In order to define a Z d -topological Markov shift, consider Z d equipped with 
the norm ||n|| = ||(ni, . . . ,nd)|| := maxi<fe<d \nk\ and let B(n,r) :— {k G Z d : 
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||fc-n|| < r} = nLiK ~r,n k + r] DZ d . Given a set F C Z d , let F° := {x G F : 
C F}, := F\F°. 
A Z fl '-topological Markov shift (TMS) is a subshift X C 5* z determined by nearest 
neighbor constraints: there is a subset icSx 5"9B(oa) so ^hat 

X = {x e S zd : {x k ,x k+dB{0)1) ) EAVke Z d }. 

We consider two kinds of "naturally symmetric measure" on X: an 

• exchangeable measure being £(A)-invariant, and a 

• local Gibbs measure (or state): a conformal measure with locally determined 
potential (see [R] and below). 

Site-Gibbs measures (where the potential is determined by the site) are auto- 
matically exchangeable. 

By the De Finetti-Hewitt-Savage theorem ([He-Sa]), the £(S 1 ' )-invariant, er- 
godic probabilities on S zd are precisely the stationary product measures (which are 
the extremal, site-Gibbs measures on S z ). 

Theorems 1 and 2 show that under certain conditions, an ergodic exchangeable 
measure on a Z d -TMS which is global (i.e. globally supported in the sense that 
every open set has positive measure) is a site-Gibbs measure. 

The notion of "restricted exchangeability" appears in [PS] where the exchange- 
able, shift invariant, ergodic probabilities for Z-TMS's were identified and an ex- 
tensive bibliography on the subject is provided. Exchangeable measures on one 
sided TMS's were considered in [ANSS1]. For previous results concerning the mul- 
tidimensional subshift cases see [S2]. 

The simplest kind of site-Gibbs measure on A is a T(X)-invariant measure. 
These exist and are Markov with uniform specifications. They are unique when 
d = 1, but not when d > 2 (see [BS1], [BS2], [BS3]) . 

A T-invariant, T-ergodic, X(A)-invariant measure on a strongly irreducible Z d - 
TMS is an equilibrium measure having maximal entropy. Theorem 3 (being a re- 
consideration of a Burton-Steif construction) shows that- 

• the equilibrium measures of strongly irreducible Z 3 -TMS's 

• the Gibbs measures on { — 1, l} z3 with a nearest neighbour potential 
exhibit a variety of spectral properties. 

The main methods of this paper are the theories of cocycles and equivalence 
relations as introduced in [SI] and [FM] (respectively). Definitions can be found 
on §0 (after this introduction). The theorems are stated in §1 and the rest of the 
paper is devoted to proofs and examples. 

§0 Definitions 

0.1 Countable equivalence relations. As in [FM], a countable equivalence rela- 
tion on a Polish space A is a subset 1Z G B(X x A) which is an equivalence relation 
with countable equivalence classes. 

Both the exchangeable and tail relations are countable equivalence relations on 
X e B(S r ) (where S is finite and T is countable) . 

If G is a countable group of measurable, invertible transformations of A, then 



K G := {(x, Rx): R £ G, x E X} 
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is a countable equivalence relation on A. 

By [FM], every countable, equivalence relation is of form TZq for some G. 

In this paper, we consider various dynamical properties of countable equivalence 
relations. Unless stated otherwise, by a dynamical property of a countable group 
G of measurable, invertible transformations we mean the corresponding property 
of Ha. 

Let TZ be a countable equivalence relation on X. A TZ-holonomy is a Borcl 
isomorphism $ : B — > C, (B, C £ B) with (x,$(x)) £ TZ V x £ B (shorthand: 

$ : B — > C). A 7?.- holonomy $ : B — > C is called topological if £>, C C A are open 
and $ : £> — > C is a homcomorphism. 

A collection £ of 7£- holonomies generates TZ if for each (x,y) £ TZ, 3 $ 6 €, $ : 

S — > C, x £ B, = y. Any countable equivalence relation on X is generated 

by a countable collection of TZ- holonomies (as shown in [FM]). The collection of 
7^-holonomies is denoted by [[TZ]] and known as the groupoid of TZ. The full group 
of TZ is collection of globally defined 7?.-holonomies: 

[TZ] := {$ e [[TZ]] : $ : A ^> A}. 

It is a group under composition. 

A countable equivalence relation TZ on a topological space A is called a topological 
equivalence relation on X if it is generated by a countable set of topological TZ- 
holonomies. 

In case A C S r , (T countable) we consider topological cylinder holonomies. For 
F C T finite, and a £ Xp, we define the F-cylinder (with configuration a) as 

[a]p := {x £ X : xp = a). 

This is a clopen subset of A. 

We call the ^-configurations a,b £ Xp compatible if V x £ [a]p, 3 y £ [b]p with 
ypc = xpe and vice versa. 

The pair a,b £ Xp is compatible iff the map tt : (xp<= , a) i— ► (xp^.b) is a home- 

omorphism 7r : [a]p — > i.e. 7r : [a]i? — > is a topological holonomy. Call 
such holonomies topological cylinder holonomies. If T(A) is generated by topologi- 
cal cylinder holonomies, then it is a topological equivalence relation. 

Suppose that X £ (d > 1) is a Z d -TMS. Let F C Z d be finite and suppose 
that a,b £ Xp. If agi? = 6^, then a,b are compatible and are connected by a 
topological cylinder holonomy. T(A) is generated by such holonomies and is thus 
a topological equivalence relation on A. 

0.2 Measures. 

We denote by V(X) the collection of probability measures on A. A probability 
measure [i £ V{X) is TZ-non- singular if A £ B, n(A) = => n(TZ(A)) = where 
TZ(A) := {y £ X : 3 x £ A, (x,y) £ TZ}. If TZ = TZ G as above where G is 
a countable group of measurable, invertible transformations of A, then TZ(A) = 
\J geG g(A) and we sec that TZ{A) £ B. 

As shown in [FM], if a measure [i is 7?.-non-singular then 3 D = D-r^ ■ TZ — ► R+ 
measurable so that any holonomy $ : B — > C is ^i-non- singular with ^(z) = 
L)(x, $(x)) for ^-a.e. x £ B. 
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Let ^ : 1Z — > M + be measurable. A measure /x is called (ty ,11)- conformed if 
it is 7?.- non-singular and Dtz^ = The measure /x is called IZ-invariant if it is 
(l,1Z)-conformal (i.e. -D-r, m = 1). We denote the collection of ( V E',7?.)- conformal 
probabilities on A by "P(A, 7?., '£') and the collection of 1Z- invariant probabilities on 
A by V(X,U). 

If T is an action of Z d on A, and /x G V(X,T) := V(X,1It), then (A,T,/x) is 
called a 7L d -random field. 

0.3 Ergodicity, transitivity, irreducibility and mixing. 

A measure /lx is K-ergodic if V U, V G B, jti(t/),/z(V) > 0, (C/ x V) fl K ^8; 
equivalcntly: the collection of measurable, 7£.-invariant sets 

3(ft) := {i £ 6 : {x,y)GTZ => y e A} = {0, A}. 

We denote the collection of ('$>,1Z)- conformal, 7?.-ergodic probabilities on X by 
V e (X, 1Z, and the collection of ^-invariant, 7£.-ergodic probabilities on A by 

V e (X,U). 

The equivalence relation 7?. on A is topologically transitive if V t/, Fcl open, 
nonempty, (£/ x V") n 7e ^ 0. 

Let A be a Z d -subshift. The shift action (A, T) is: 

• topologically transitive if for any U, V C A open, nonempty, 3 fc G Z d so that 
U n T fc F ^ 0; and 

• topologically mixing if for any U, V C A open, nonempty, 3 F C Z d finite, so 
that [/ n T fe V ^ V fc G Z d \ F. ' 

A Z d -TMS A is: 

• irreducible if the shift action (A, T) is topologically transitive; 

• mixing if if the shift action (A, T) is topologically mixing; and 

• strongly irreducible if 3 r > so that whenever F, G C Z d finite, ||j — fc|| > 
rV j eF, keG: 

Xfug = X F x A G . 

0.4 Tail conformality. 

A local potential is a function G : A B ( ,r) ~~ > ^ where A is a Z d -TMS and r > 0. 
A local potential is called: 

• a nearest neighbour - or Markov potential in case r = 1, and 

• a site potential (or activity function) in case r = (i.e. G : 5 — > M). 

Given a local potential G : A B (o !r ) — ► K, we call p G ^(A) G - conformal if p is 
(e*°, S(A))-conformal where * G (i, y) := E, eZ 4G((T,y) B(0 , r) ) - G((7»B(o,r)))- 

The measure p G V{X) is called locally conformal, nearest neighbour conformal 
or si£e conformal and if it is G -conformal for some local, nearest neighbour or site 
potential G (respectively). 

Conformal measures with more general (e.g. Holder continuous) potentials are 
considered e.g. in [R], [PS] and [S2], where they are called Gibbs measures. 

Evidently, any site conformal measure is exchangeable {£ (A)-invariant). Here, 
we show that global (i.e. globally supported), crgodic exchangeable measures on 



EXCHANGEABILITY 



5 



certain kinds of Z d -topological Markov shifts (see below) are forced to be site con- 
formal. 

The well known "thermodynamic limit theorem" (see [R] and also [PS],[S2]) 
ensures the existence of conformal measures for a Z d -TMS as weak limits of appor- 
priate sequences of atomic measures. 

Thermodynamic limit theorem. If X is a Z d -TMS and G is a local potential, 
then 3 a G '-conformal measure p G V(X). 

0.5 Equilibrium measures and tail conformal measures. The entropy of a 
measure fi G V(X,T) (where T is the shift Z d -action on the Z d -subshift X) is 

Mx,t) : = ^p^Wr £ MMfl(o,n))iog 

(the limit on the right hand side exists due to subadditivity) . For any \x G P(X, T), 

log |-Xb( 0i „)| 



h^(X,T)< lim 



\B(0,n)\ 



The limit on the right hand side (which exists due to subadditivity) is called the 
topological entropy of (X, T) and is denoted h(X,T). 

Let /i G P(X,T). The /i-pressure of a local potential 67 on X is P fJi (G, X,T) := 
h^XjT) + J x Gd[i. The measure n G V e {X, T)} is called a G-equilibrium measure 
(or equilibrium measure for G-pressure) if P^iG, X, T) is maximal. For existence 
of G-equilibrium measures in this situation, (see [R] and also [M]). 

Note that ^(0, X, T) = h^(X 7 T) and a O-equilibrium measure is a measure of 
maximal entropy We shall sometimes refer to a measure of maximal entropy as an 
equilibrium measure (suppressing the 0). 

Let G be a local potential on a TMS X. 

• By the generalised Lanford-Ruclle theorem (the first part of theorem 4.2 in [R], 
see also theorem 1.19 in [BS2] and the original [LR]), any G-equilibrium measure 
is G-conformal. 

• By the generalised Dobrushin theorem (the second part of theorem 4.2 in [R], 
see also proposition 4.1 in [BS2] and the original [D]), if X is strongly irreducible, 
then any G-conformal /ieP e (X, T) is a G-equilibrium measure. 

0.6 Skew products and cocycle subrelations. 

Let 1Z be a countable equivalence relation on X and let G a locally compact, 
Polish, Abelian (LCAP) topological group. A Borel function ^ : P — > G is called 
a P- cocycle if 

^(x, z) = ^{x, y) + ^(y, z) whenever (x, y), (y, z) G P. 

For example, if fj, G P(X) is 7?.-non-singular, then log D^, -ft : X — > R is a TvL-cocycle. 
In this situation, we consider the ^-skew product relation: 

Py := {((x,t), (y,s)) G (X x G) 2 : (x, y) G P and t - s = <&(x,y)}; 

and ^-subrelation: 



K[V] := {(x, y) G X x X : (x, y) G P and y) = 0} 
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and note that 

H 9 n (X x {0}) 2 = { ((*, 0), (y, 0)) e (A x {0}) 2 : (x, y) e 

In case X is a topological space and the countable equivalence relation 1Z is topo- 
logical, we call the 7\L-cocycle ^ : TZ — > G topological if V topological 7?.-holonomy 
7r ; ^4 — ► it i — ► ip(x, tt(x)) is a continuous map A — > G. 

Let X c S* z (d > 1) be a TMS, let G be a countable, Abelian group and let 
G : 5 - G. Define * G : - G by * G (z,y) := E j& *( G (Vi) - G(x,)). In the 

notation established above, 

£(X)=1(X)[^} 

where jj : 5 — > G = Gg := Z 5 is defined by jj(s) := e s and (e s ) t := £ Si t. 

§1 Main Results 

1.1 Tail non-singular exchangeable measures on a TMS. 

Theorem 1. Suppose that X C S 7 ^ is an irreducible TMS withl(X) topologically 
transitive. Let G : G — > G, a countable Abelian group. 

If p G V(X) is global, %{X)-nonsingular, and 1(X)[G]-invariant, ergodic, then 
p is H o G-conformal for some homomorphism H : G — > M. 

Remarks. 

1) Theorem 1 (and theorem 2 below) give information on exchangeable measures 
in case G = ft : S — > Z s as in 0.6. 

2) Theorem 1 is a partial converse to proposition 3.3 in [S2], which shows that a 
1(X)-non-singular, ergodic measure is T(X)[G]-ergodic. 

1.2 Exchangeable measures on a strongly aperiodic TMS. Let X be a Z d - 

TMS and let G be a countable Abelian group. We call a site function G : S — > G 
strongly aperiodic (with respect to X) if for every subgroup 

K|H G = H XiG := ({V G (x, y) : (x, y) e T(X)}), 

3 F cZ d s.t. V(iel f 3t = t a e X F , a dF = b dF , * G (b, a) £ K 

where (£?) denotes the group generated by _B. We call X strongly aperiodic if every 
site function is strongly aperiodic (with respect to X). 
Examples of strongly aperiodic TMS's are given in §3. 

Theorem 2. Let X C 5 Z &e a strongly aperiodi c, irreducible Z d -TMS, let G be 
a countable Abelian group and let G : S — > G. If p E V{X) is global, X(A)[\I/ G ]- 
invariant, ergodic, thenp is H o G-conformal for some homomorphism H : G — > M. 

Remarks. 

1) The existence of a global, £(X)-invariant, ergodic measure implies that 1(X) 
topologically transitive. 

2) If X is strongly aperiodic, then any global, exchangeable ergodic probability 
is site conformal. 

3) As shown in proposition 3.1 (see §3), any mixing Z-TMS is strongly aperiodic. 

4) Corollary 2.1 below is a stronger version of theorem 2 in case d = 1. This 
generalizes theorem 6.2 of [PS] (dispensing with the assumption of shift-invariance). 
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1.3 Spectral abundance of equilibrium measures. 

Let (SI, T, P, T) be an ergodic, Z d -random field. A T-eigen] 'unction is a function 
/ G L 2 satisfying / o T k = e 2m ^^ f (k G Z d ) for some 6 G T d (called the 
eigenvalue). The random field is called 

• totally ergodic if each transformation T k (k ^ 0) is ergodic (equivalently there 
are no T-eigenfunctions with rational eigenvalues) and 

• weakly mixing if there are no non trivial T-eigenfunctions. 

• mildly mixing if there are no non trivial T -rigid sets, a set A G B being T-rigid 
if 3 n k G 7L d , n k — > oo so that P(T„ fc AAyl) -> 0; and 

• (strongly) mixing if P(A n T n B) -> P(A)P(B) as n ->■ oo V A, B G P. 

These (progressively stronger) properties are spectral properties in that they 
depend only on the spectral measure type of (ft, J 7 , P, T): i.e. the measure class of 
a G V(T d ) defined by the property: 



Now let X be a Z d -subshift. We call a collection Q C V e (X,T) spectrally abun- 
dant if there are (different) measures /x G Q so that: 

• (X, n, T) is not totally ergodic; 

• (X, ii, T) is totally ergodic but not weakly mixing; 

• (X, /i, T) is weakly mixing but not mildly mixing; 

• (X, fjb, T) is mildly mixing but not strongly mixing: 

• (X, T) is strongly mixing. 

Theorem 3. 

1) There exists a strongly aperiodic, strongly irreducible 1? '-TMS whose collection 
of equilibrium measures is spectrally abundant. 

2) There is a nearest neighbour potential G on {0,1} Z ' whose collection of G- 
equilibrium measures is spectrally abundant. 

§2 Topological equivalence relations and the proof of theorem 1 

For T countable, S finite, A" G B(S r ), and G : S — > G (a countable, Abelian 
group) let 



Skew product lemma. Suppose that X C S r is closed and that T(A)^ G is topo- 
logical^ transitive on X x H. 

If p G V(X) is %(X)-nonsingular, 1(X)[G]-invariant, ergodic, then p is site 
conformal. 

Proof. 

There is a unique er-finite measure m G Wl(X x H), 1(X)^ G -invariant, ergodic 
such that m(A x {0}) = p(A). 

For g G H, let q g (A) := m(A x {g}). We claim first that q g < p V g G H. 




See [N]. 



H = H x , G :=({* G (x,y): (x, y) G T(A)}}. 
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To see this, let A G B(X), q g {A) > 0, then by X(X)^ G -ergodicity, 3 A' C 

A, q g (A') > and tF : A' x {<?} T( -l* G tt(A' x {.g}) =: it (A') x {0}. By 1(X)v G - 
invariance, 

p(7r(A')) - m(7r(A') x {0}) = m(A' x {<?}) = q g (A') > 0. 

Evidently tt : A' Tr(A') whence by T(X) -nonsingularity of p, p(A') > 0. Thus 
%«pV s ei. 

Next, set for jeH, Q g (x,y) := (x, y + g) (Q g :XxI^Ixi), then moQ g 
is also T(A")5, G -invariant, ergodic, whence either moQ 9 ~mormoQ 9 lm. 

Let K := {j 6 i : moQ 9 ~ m}, then K is a subgroup of H and q g ~ p if g G K 
and g ff = (g 9 <C p & g g _L p) if .g ^ K. 

To see that K D H fix g G H. By topological transitivity of T(X)^ G , 3 A £ 

p{A) > and tt : A x {0} ^^l* ^ x {0}) C X x {#}. Thus 
q g (X) > m{ir{A x {0})) = m(A x {0}) = p(A) > 0, 
<7 a 7^ and j£l. 

It now follows that 3 a homomorphism i7 : EH — > K so that mo Q g — e H ^m 
whence 

^(a) = e ff (*o(».»W)) V tt : A ^ tt(4) 

and p is site conformal. 
□ 

Suppose that ip : 1Z — > G is a topological 7^-cocycle (7?. a topologically transitive, 
topological equivalence relation, G a LCAP topological group). We call g G G a 
topological essential value of ip if 

(tp^Ug) n (A x A) ^ VicX, C/jCG nonempty, open sets with # G E/g. 

The collection of topological essential values of ip is denoted 

E = E top (V>) 

and forms a closed subgroup of G (see [LM]). 

We need the following version of proposition 3.2 in [LM]. 

Topological essential value lemma. Suppose that 1Z is topologically transitive 
on X , then is topologically transitive on X x G ^=^> E top (V') = G. 

Proof. 

=>) Suppose that IZ^ is topologically transitive on X x G, g G G and A C X, g G 
?7 9 C G are nonempty and open. There is an open neighborhood V of so that 
g + V - V C U g . By definition ({A x V) x (A x (,g + V)) D ^ ^ 0, whence 

W-^ig n (4 x i) d (V> -1 (9 + i^-v))n(4x4)^. 

Thus .g G E. 
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<=) Now suppose that 1Z^ is not topologically transitive on A x G, then 3 4, Be 
X, U, V C G open with G £/nV and 5 G G so that 7^n((ix £/) x (Bx {g+V))) = 
0. 

By topological transitivity of 1Z on A", 3 A' C 4, 73' C 7? open and a topological 
holonomy 7r : A' — > 73' so that a; i/j(x,n(x)) is continuous. 

Fix G W C G so that W + W C V. Using continuity of x i-» r/>(o;, 7r(a:)) we 
ensure (by possibly reducing A', B') that 3 h G G with ?/>(x, 7r(x)) G ft+ W V x £ A'. 

We claim that k := g — h £ E. To see this, note first that 



Otherwise 3 (x,y) 6 4' x [/, (a/,y') £ A' x (fc + W) with ((x,y), (x',y')) G 7^, 
whence ((x, y), (tt(x'), y' + i>(x', 7r(x')) £ 7?.,/,. However 



contradicting TZ^ H ((A x U) x (B x (g + V))) = 0. 

To finish the proof that fc £ E, fix G W a C U open so that W + W C W. 
If fc £ E, then 3 (x,x') G 1Z n (A' x A') with ^(aj.a;') G fc + W . It follows that 
for y G VK , (ar',2/ + i>(x,x') E A' x (k + W + W ) C (fc + W) contradicting 
1Z^ n ((A' xU)x (A' x(k + W))) - 0. □ 

Transitivity lemma. Let X C S zd be an irreducible TMS such that 1(X) is 
topologically transitive on X. 
Suppose that G : S — > G, then 



Proof of 2 (as m [S2]). Let (x,y) G 1(A), * G (x,y) = g. We show that .g G E. To 
this end, let F C Z d be finite, a G A>. We'll show that 3 A C 7L d finite, A D F and 
b, c G Aa, bp = cp = a, bg\ = cg\ so that ^g(w, i>) = ,g V u G [6], t> G [c], «a c = 

V A c. 

Since (x,y) G 1(A), 3 B C Z d a cube so that x B c = y B c. WLOG, xq B = yg B . 
By irreducibility, 3 k G Z d so that F n (73 + fc) = and [a] F n T fe [x B ] B ^ 0. Now 
let A := F U (B + k), then <9A = <9F U (k + dB). 

Define b G Aa by 6 = za where z G [a] F n Tk[x B ] B . Evidently bp = a and 
6j = Xj-k V j G B + k. Now define c e S" A by 



n ((A' xU)x (A' x (fc + W))) = 0. 



(tt(x'), y' + tp{x', tt(x')) G 73' x (fc + + ip(x', tt(x')) 
C73'x(fc + I4' r + /l + VK) 
CB'x (g + V) 



Eto P (* G ) = {{*G(s,y) : (z,y) G 1(A)}). 




yj-fc j G 73 + fc, 
6j else. 



Since xgs = Vob we have that c G Aa and 6gA = cq a- 
It follows that V it G [6], w G [c], ua c = «a<= , 



*g(«,«) = ^g{x,v) = g- 



□ 



10 



J. AARONSON, H. NAKADA 



Proof of theorem 1. By the transitivity lemma and topological essential value 
lemma, 1(X)^ G is topologically transitive on X x H. Theorem 1 now follows from 
the skew product lemma. □ 

Let A" be a topologically transitive Z-TMS, then (see e.g. [Ch]) 

X = W£ ~ X k where N E N and X , . . . , X N _i are disjoint, clopcn subsets of 
X with TXk = Xk+i mod n- and each (Xk, T N ) is mixing. 

This decomposition is called the periodic decomposition of X (also known as the 
cyclic or spectral decomposition), N = A/W is called the period of X and each Xk 
is called a basic, mixing set for X. 

Note that each A^ is X(X)-invariant. By theorem 3.3 of [PS], any globally 
supported Markov measure on Xk is T(A^ £ )[ , J , G]-nonsingular, ergodic. In particular, 
if H : G — ► R is a homomorphism and // is the (Xk, T Ar )-Gibbs measure on Xk with 
potential e HoGN where Gjv := S/c^o 1 G o T k (unique, T^-invariant), then /j, is 
T(X)[*G]- m variant, ergodic. 

Corollary 2.1. 

Lef X C S z be a topologically transitive Z-TMS, let G be a countable Abelian 
group and let G : S — > G. 

If p EV(X) is T(X)[\I> G]-invariant, ergodic, then 
then there exist 

(1) o homomorphism H : G — > R; 

(2) a £(^0 [^g] -invariant, topologically transitive, TMSX'cX; 

(3) a basic mixing set X' C AT'; 

so i/iai suppp = Aq is the T N -Gibbs measure on X' with potential e HoGN . 

Proof. We claim first that for each s E S, either N s (x) := J2 ne z^x n ,s — p- 
a.s., or N s (x) = oo p-a.s.. This is because if k E N, p([N s = k]) > then 
3 AT„ c Z, |A„| = fc (n > 1) so that the sets 

A n :={x E X : Xj = s V j G X„, ir fe fsV j £ K„} 

are disjoint, exchangeably- (whence T(A")[^g]-) equivalent and thus with equal 
positive measure, entailing p(X) = oo. 

Next, as in step 1 of the proof of theorem 5.0 of [ANS], p is the restriction of an 
irreducible, shift invariant, Markov measure fi G V(X) to some clopen set in X . 

Let X' = supp /i, then X' is a topologically transitive TMS. 

Let X' = \Sk=o X'k be the periodic decomposition of X' ', by T(X)[*G]-ergodicity 
ofp, 3 k so that suppp C X' k . Since /z is T(A"^,)[\E , G']-nonsingular, ergodic, suppp = 
X' k . The result now follows from theorem 1. □ 

§3 Conditions for strong aperiodicity and the proof of theorem 2 
Proposition 3.1. 

a) A Z d -TMS X C S z is strongly aperiodic iff (J : S — > Z s is strongly aperiodic. 

b) Any mixing J}-TMS is strongly aperiodic. 

Proof. 

a) Suppose that X is strongly aperiodic, let G be a countable Abelian group and 
let G : S — > G be a site function. 
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Define tt = ttq : 7L S — ► G by 7rQ^ seiS n s e s) : ~ S s eS n »^' ! ( s ) then 7r is a homo- 
morphism and 7rofj = G whence Hg = 7tgEIj(. Strong aperiodicity of G follows from 
this. 

b) Let G : S — ► G be a site function and consider 3 : X + := {a; + = [x\ 1 X2, ■ ■ ■ ) : 
x = (. . . ,X-i,xo,Xi, . . .) G X} — > G be defined by g(x) := G(xi). By the well- 
known cohomology lemma (see e.g. lemma 4.3 in [ANS]), g = a + h — h o T + ~g 
where a G G, g : X + — > G g := ({g n (or) — g n (x') ■ n > 1, T"x = x, T"x' = x'}} and 
/i : X — > G are both generated by site functions such that g : X — ► G s is aperiodic 
(in the sense that Gg = G g ). It follows that Wq — G g and that ^ g = ^g- 

As mentioned in the proof of theorem 2.2 in [ANSS], V iJ ^ G 9 , 3 t>l so that 
V a = (ai, . . . , a^+i) G 3 a path b = b a = (bi, b e+1 ) G X {li ... ;£+1 } 

such that di = 61, a^ + i = and (a) — fe{b) £ H. This is strong aperiodicity 
of G. □ 

Proof of theorem 2. 

There is a unique er-finitc, T(X)* G -invariant, ergodic measure m G Wl(X x H) 
such that m(A x {0}) = p(A) (where H = Hg as above). 

Set for g G H, Q g (x,y) := (x, y + g) (Q g : A x EI — ► X x H), then moQ g is 
also T(A)ip G -invariant, ergodic, whence cither to o Q g ^ to or m o Q g _L m. 

• Let K := {g G H : to o Q g ~ to}, then K is a subgroup and g g ~ p if # G K. 
We'll show that K = H. Assume otherwise. 

• Let F C T be as the definition of strong aperiodicity adapted to K and let 

J := {* G (&a> a): a G X F } C H \ K. 

For g G H, let q g (A) := m(A x {g}) and set g := J2jeJ Qj> then <? P- 

• Claim ]EcT, a G X E so that q([a]) < 00. 

Proof of claim By irreducibility, 3 {k(a) : a G Xp} C F so that {f 1 + fc(fl)} a ex F 
are pairwise disjoint and 3 a G X s (_E = l+J ae x F (^ + M a ))) so that 

Oi = cti-k(a) V i G F + k(a), aeX F . 

It suffices to prove that (ft ([a]) < 1 V j G J. Suppose that j — #0(0, a) where 
a, b G Xf, adF — bgF- Define o' G X E by 

\ ^ else, 

then c' dE = cqe and ^g{&, a') = v I / G( a , 6) = —j- It follows that 
M x {j} ^ (X i* G [a'] x {0}, whence 

ft([a]) = m([o] x {j}) = m([a'] x {0}) = p([a']) < 1. □ 



Next, 

• Since p is global and q _L p, 3 AT C [a] compact so that p(A) > 0, q(K) = 0. 

• 3 t/ open K C £7 C [a] so that g(l/) < 0^. 

• 3 £' C T, c G X E > so that g([c]^) < 4Mfp 
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• Fix k eT with E'(~)(F + k) = and set A := E' W (F + k) . For a G X F , b G X E >, 
let (a, b) G S A be defined by 

lab) I bj J£E '' 

{Ul )j ~ I aj- k j G F + k. 

Not all (a, b) G X A , however if Y b := {a G X F : (a,b) G X A }, then [b] = 

y oe n[< o ' & >]- Thus: 

• 3 a G ATp such that 

P([(«,c)])>fg). 

• Now [(a, c)] x {0} -4 G [{b a , c)] x {j} where j = * G (6 a , a) G J- Thus 

ggf < m([(a, c)] x {0}) = m([<6 , c)] x {j}) < g([c]) < fjj^. 

Thus K = H. 

• It n 

whence 



• It now follows that 3 a homomorphism H : H — > R so that mo Q g — e H ^m 



and p is site conformal. 
□ 

Condition 15. This condition implies strong apcriodicity (and is equivalent to it 
when d = 1): 



(15) 3 F C T s.t. V a G Xp, ({*j(a, b) : b E X F , a dF = b dF }} 



Condition >J<. 

TMS X C S 2 " is such that 5 = TF W Z with Z ^ and so that 

• ^(i) Vxel z E Z,x' e X where x\ — Xi V i ^ and x[, = z; and 

• *(ii) If a G X hlA]d and a, G Z V i G [-1, l] d \ {0} then a< s ) G X F V s G S 
where a| s) = a 4 V i G [-1, l] d \ {0} and = s. 

Example: Z 2 Iceberg model ([BS2]). Here 

S := {0, ±1, ±2, . . . , ±M}, X := {a; G 5 Z ' : x„ +ei x„ > V n G Z 2 , i = 1,2}. 

It is easy to see that the iceberg model satisfies condition ^ with Z = {0}. 
Proposition 3.2. * => 15. 

Proof. Note that U x , t C H 5Z d = ({e s - e t : s, ( £ 5}) = Z s ^ s °> where s G Z 

is fixed. Define 7 : 5 — > Z s ^ s °^ by 7(s) := e s for s ^ s and 7(so) = 0. Choose 
F := [-2, 2] d , then dF = F\F°, F° := [-1, 

Fix a G Xi? and set G(a) := {\l/ 7 (a, 6) : & G _X>, &9_f = &of}- Set g(a) := 

J2ieF° a i' tncn 

G(a) D {-7(«i) : « G i* 10 } U {-3(a) + e s : s 6 S} 
whence (G(a)) — Z s \{ s °^ establishing condition 15. □ 
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Example: generalized 7L d Beach model ([BS2], [H]). Here S :— Ax B where 
A = A W A u A a ^$. Writing s G S as s = (a(s),f3(s)) G A x B: 

X := {x e S zd : VneZ d ,l<j<rf, a(x n ), a(x n+et ) G A or /3(x„) = (3(x n+ei )}. 

Proposition 3.3. The generalized beach model satisfies 13. 
Proof. Recall that S := A x B where A = A l±l At, A ± and 



X :={xeS z : Vn G Z d , 1 < i < d, a(x n ) , a(x n+ei ) G A or (3{x n ) = (3{x n+ei )} 

where s = (cn(s), /3(s)) eixB = S. 
We note the following facts: 

• Suppose that x G X, k G Z d , seS, a(s) £ A), = /3(z fc ). If y G is 
defined by y Z d\ {fc} = a; Z d\{fe}, Vk = s then i/el; 

• Suppose that a G -X _ B 1 (fe, T -) (where Bi(k,r) := {k' G Z d : \\k' — k\\i < r}), then 
either 3 j G 5i(fc, r) with a (a,-) G A or 3 6 G B so that = bV j € i?i(fc, r). 

Now let F = Bi(0, 6) and let a G X F . We show that 

r a := <{tfj|(a,6) : 6eI Bl(jo , 3) , a 9Bl0 ^ 3) = b dBl(j0 ^ } }) = ({e z - e w : z, w G S}). 

Case 1 If 3 j G #i(0, 3), a(a jo ) G A , we change a Bl(jo ^ only. 

Fix z G S and let t t G S (i G <9-Bi(jo, 1)) with a(^) G A , /3(tj) = /?(z). Choose 
Sj G S, a(sj) G A , /3(sj) = f3(a 3 ) V j G dB^jo, 2) and define b G 5 F by 

*j- j G dBi(jo 7 2), 

tj jeaBiO'o.i), 
2 i = io, 

aj else. 

It can be checked that b G -XV, ag Bl (j _ 3 ^ — bgB 1 (j ,3) and that 

*tt( a ^)= XI ( e s 3 -e aj )+ ( e U-e ai ) + e z -e ajo . 

jedB^jo^) iedB 1 (j ,l) 

Other values of ^$(a,b) : b G Xb 1 (j ,3), a dB 1 (j ,3) = ^asi0" ,3) are obtained as 
follows: 

• *j(a,6) = e s - e aj , j G Bi(j ,2), s £ S, a(s) G A), /3(s) = where 
6j = s, h = aiM i ^ j; 

• *ft(M) = EjeasxOo^)^ - + e * - e «.' s i e ^ a ( s j) e A o> /^j) = 
/3(aj) V j G d.Bi(0,2) and i G dB^O, 1), t G 5", a(i) G A where = Sj V j G 
0Bi(jo, 2), h = t, h = a,-i l£ dBiUo, 2) U {i}. 

Thus we see that e z — e aj(l G r a V z G 5 whence e z — e z / G r a V z, z' G S 1 . 
Case 2 If J j G Si (0,3), a(a jo ) G A , then 3 (3 G B so that /3(aj) = /3 V j G 
Si (0,3) and we change 0^(0,3) only. 
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Fix z e S and let U G S (ie dB^O, 1)) with a(U) G A , /?(*») = /3(z). Choose 
Sj G S, a(sj) G A , /3(sj) = (3 V j G 9Bi(0, 2) and define 6 G 5 F by 

Sj je0fli(O,2), 

^ i easi(o,i), 
z j = o, 

aj else. 

It can be checked that 6 G -XV, 093^0,3) = feas^o^) an d that 

*it(M) = ( e sj-e aj )+ {e u - e a% ) + e z - e aa . 

ie3Bi(0,2) i£9Bi(0,l) 

Other values of ^(a, b) : b E -Xb 1 (o,3) ) a OBi(o,3) = &aBi(o,3) are obtained as follows: 

• *t)( a ' & ) = e s-e aj , j G Si (0,2), s G 5, a(s) G A , /3(s) = /3 where 6, = s, bi = 
a t V i ^ j; 

• *tt( a > & ) = J2 3 edB 1 (o.2)( e s 3 - e a 3 ) +Y ll eB 1 (o,i)( e U - O, Sj G S, a{sj) G 
A , 0(sj) = (3 V j G &Bi(0,2) and G S, «(*,) e i V i £ #i(0,l) where 
6j = Sj V j e aSi(0,2), 6* = ti V i G £i(0, 1), be = ae V £ £ 9Si(0,3). 

Thus we see that E ieBl (o,i) ( e *« ~ e "*) ^ T a V G S", a(^) G Aq (i G Si(0, 1)) 
whence e z — e ajo e T a V z 6 S and e z — e z / G T a V z, z' G S. □ 

§4 Shift action on conformal measures, 
equilibrium measures and the proof of theorem 3 

Suppose that A" is a strongly irreducible Z d -TMS, G : X — > M is a local potential 
and \i G V(X,1(X), ^ G ). By the ergodic decomposition (see [F], [GS]), 

fj, = [i v := / lucIv(lu) 
where v G V(V e (X,1(X), *& G )) and the measure spaces 

CP e (X,1(X),^ G ),B(V e (X,1(X),^ G )),v) and (X, 3{%(X)), /z) are isomorphic. 

If a; G V e (X,1(X),V G ) and k G Z d , theiiwoT^ G V e (X,1(X),V G ) and a Borcl 
Z d -action on P e (X, 1(X), * G ) is defined by S k u := uj o T fe . 

Proposition 4.1. 

aj TTie measure fi G T'(-X') is a G- equilibrium measure iff \i — [i v where 

veV e (V e (X,1(X),* G ),S). 

In this case, 

b) any T -rigid set is 1(X) -invariant; and 

c) T is totally ergodic, weakly mixing, mildly mixing iff S has the respective 
property. 

Proof. By theorem 4.2 in [R], the collection of G-cquilibrium measures is given by 

r e (x,T)nv(x,i(x),^ G ). 

Suppose first that [i G V(X,T) is 1(X)-non-singular. We claim that 

(*) ||/ O T n O 7T O T_„ - - V / G 7T G [£(*)]. 
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To see this, note first that if (x,y) G and = y F a where F C Z d is finite, 

then (T n y)k — (T n x) k iff n + k ^ F. Thus p(T n x, T n y) — > as n — > oo where p is a 
metric on X generating the standard (product) topology. 

Now let 7T e [T(X)]. It follows that for / G C(X), |/(T n 7r(x)) - f(T n x)\ -» 
OViEl, whence 

||/oT n 7T - / oT n ||i -> 0. 

Next, we obtain this convergence for / G L°° by approximation. Let <j> := — • 
Since \i G P(X, T), the sequence {(f> o T n : n e Z d } is uniformly absolutely contin- 
uous with respect to ji. 

Let g G \g\ < 1 and let e > 0, then 
• 3 <5 > so that if A G B, (J,(A) < 5, then sup„ eZ d J A <f>° T n d\i < e; and 
. 3 / G |/| < 2 so that ^ <?]) < ,5. 

We see that as n — > oo, 

||.9 oT„ o 7T - g o T n ||i < HO/ - /) o T„ o tt||i + ||(/ - g) o T„||i + o(l) 

< 3 / (1 + ^ o T_„)d/i + o(l) 

< 3(J + e) + o(l). 

Thus 

o T„ o 7T o T_ n - ffHi = || 5 o T n o 7T - g o T„||i - 

establishing (*). 

a) «=) Suppose that v G V e {V e {X, 1(X), * G ), S). Evidently 

Hv°T k = I uoT k dv(uj)= / S k uidv{u)) = \i v . 

Jv e (x,%(x),^ G ) Jv e (x,%(x)^ G ) 

To check T-ergodicity let ^ G T fe ^ = A V fc G Z d . Let tt G [T(X)]. It follows 

from (*) that 

«- fi v (T n irT- n AAA) = /i v (nAAA) 

and 1^4 o 7r = l^i /i„-a.e., whence w-a.e. for i^-a.c. w G V e (X, %{X), ^g)- Thus 
u(A) = 0,1 for i/-a.e. w G P e (X,Z(X),V G ). The set i := {uj G "P e (X, T(X), * G ) : 
w(A) = 1} is S-invariant, whence ^ (A) = 0, 1 and li v (A) = 0, 1. 
a) =*) 

Let /i = /Lt y G V{X) be a G-equilibrium measure where t/ G V(V e {X, T(X), ^g))- 
As above, ^ is S'-invariant. The S-ergodicity on t/ follows from the identification of 
Borel measurable S'-invariant subsets ofV e (X, 1(X), ^a) with 3(T(X))-measurable 
T-invariant subsets of X. 

b) By (*), 

v(T- n irT n AAA) ^ as mooVie B(X), tt G [1(A)] . 

Now let A G S(X) be a T-rigid set. We show that A G 3(X(A")) mod jU. To 
this end suppose that n k — > oo, yu(T„ fc AAA) — > 0, and let 7r G [1(X)], then 

<- M (T_„ fe7 rT„ fc ^AA) = p(7rT„ fc AAT„ fc ^) -» ^tt^AA), 
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it A = A mod [i and A G 3{1{X)) mod \x which is identified with the factor 
cr-algebra. 

c) It follows from b) that any T-rigid set is the pull-back of an S- rigid set, and 
thus from the remarks preceding this proposition that each T-eigenfunction is the 
pull-back of a S'-eigenfunction with the same eigenvalue. Statement c) follows from 
this. □ 

The Burton Steif construction. 

Let X C S z be a subshift. As in [BS2], define the free Z-product of X by 

Z :={xe S zd+1 : G X V n G Z} 

where for x G S z " +1 , n G Z, £ S z " is defined by x^ ] := x {k , n) (k G Z d ). 
Evidently Z is a Z d+1 -subshift, and if X is strongly irreducible and/or strongly 
aperiodic TMS, then so is Z. 

It was shown in [BS2] that if X has more than one equilibrium measure, then Z 
has uncountably many. 

Here, we study the collection of equilibrium measures for Z using proposition 
4.1. The tail relation 1(Z) has a product structure. 

Product relations. Suppose that TZ is a countable equivalence relation on the 
Polish space Y and that T is an at most countable set. The T -product of TZ is the 
equivalence relation IZ^ G B(Y r x Y" r ) defined by 

7Z^ := 

{{x,x') G Y T x y r : 3 F C T finite, (z 7 ,a; 7 ) G ft V 7 G F, x F c = ir^}. 
Lemma 4.2. //X is a TMS and Z is its free Z-product, then Z = X z and 

i(z) = z(x) (Z K 

Now suppose that ^ : TZ — > M+ is a multiplicative ft-cocycle. Define the product 
cocycle *( r ) : TZ^ -> K+ by 

* (r W) := n*(*7>l/7)- 

This formula defines a multiplicative ft( r ) -cocycle as each product only has finitely 
many non-unit terms. 

Let n-yGV(Y) (7 G r) and set /1 := II 7 er ^1 ^V(Y r ). 

Lemma 4.3. 

ft G 7> e (T r ,ft (r) ,* (r) ) <^=> m= where M7 e P e (y,7e,*) v 7 er. 

Proof. 

Let ,u 7 G "P(y) (7 G T) and set \x := ri 7 erM7 € "P(y r ). It is routine to show 
that 

n e ^(y r ,ft (r) ,* (r) ) ^eP(r,K,*)V 7 er. 

We turn to the ergodicity assertions. 
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Suppose that fj, = Il 7 er H where ^ 7 £ P e {Y,TZ, *) (7 £ T) and let ,4 G £(y r ) 
be 7?/ r ) -invariant. 



For 70 G T and x £ r r \^"} let A l0yX := {y e Y : (x,y) £ A}, then A 70yX 



is 



^-invariant Vie y r \{To}^ 
Since /z 7o is 7?.-ergodic, /i 7o 

(^ 7o ,x) = 0, 1 for ri 7 er\{7o} AV a - e - a; G r r \{T°>, and 
A £ {a; £ F r \{^> : ^ 7o (A 7o , x ) = 1} £ £(F r \ {70}). 

Continuing analogously shows that for any finite set F C T, A £ £>(Y~ r \ F ). But 

then A is ^-independent of every set B £ cr^\J Fcr finitc ^(y^)^ = £>(F r ) and 

= 0, 1. 

Suppose that /z £ P e (r r ,ft( r \ *( r )). Note that for any E CT, 

He :=Ho^eV e {Y E M E) M E) ) 

where ir E (x) := xe- We'll show that fi = he x Mr\E V£cT. 

Denoting y r = F B x F r \ s , we have by the disintegration theorem that 

x B) = jf v x {B)dn E {x) (A £ B £ fi(y r \ £ )) 

where a; 1— > v x is a measurable mapping (Y E — > ^(V 1 ^)). Let A £ £>(F E ) and 
let V : A FA be a 7?/ £ )-holonomy. Let V" : A x F 1 ^ -> V(A Q ) x F 1 ^ be 
the corresponding 7£( r )-holonomy defined by V(x E , %g\e) '■= {V(xe), Xq\e), then 

^(x) = ¥ T \x,Vx) = & E \x,Vx E ) = *%f(x E ). 
Thus, V A £ Aci andB6 ^(y 1 ^), 

jf uv-i x (B)dfj,E{x) = ^ o V(x)u x (B)dn E (x) 



da 
X 



H(A x S) 

y v x {B)dn E {x) 



and x 1 — ► v x {B) is 7^( B ) -invariant, whence /x^-a.e. constant V B 6 B(y r \ B ). It 
follows that for /x^-a.e. x £ Xe, 



v v dn E {y) = Vr\E- 

Xe 



□ 
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Proof of theorem 3. 

For 1), fix a strongly irreducible, strongly aperiodic Z 2 -TMS X, for which there 
are two equilibrium measures P + ,P_ which are T- weakly Bernoulli (e.g. suitable 
iceberg, or beach models as in §3, see [BS2]). It follows from [Ho-Stl] that P + ,P_ 
are both T(X)-ergodic. 

For 2), let G : X := {-I, l} z2 -> M be the Markov potential defined by G(x) := 
0x +e 2 where f3 > 0. As shown in [P] for (3 large enough, there are two G- 

cquilibrium measures P+ , P_ which are shown to be T- weakly Bernoulli in [LGR] , 
whence T(X)-ergodic by [Ho-St2]. Fix such (3 > 0. 

In both cases, let Z be the free Z-product of X, a Z 3 -TMS, define G : Z -> M by 




in case 1), 

(3x n x n j rei x n j re ^ in case 2). 



By lemma 4.3, for each rj E {—, +} z , 

Pr, :=l[P, e er e (Z,1(Z),e' s 'o). 

Also, P v oT k = Pr, V k e Z 2 x {0}. Thus, {-, +} z is invariant under each S^MM) 
and 5'(fci,fc 2 ,/c 3 )|{-.+} z = c fc3 where cr : { — , +} z — ► { — , +} z is the shift. 

If i/ G P({-,+} z ) then P v := J { _ +p P n dv(rj) e 7>(Z, 1(Z), e*3). By proposi- 

tion 4.1, Py is a G-equilibrium measure iff v is er-invariant, ergodic. 

Now let p £ P(T) be the spectral type of some ergodic, probability preserving Z- 
action. As is well known, 3 v G P e ({ — , +} z , cr) so that ({ — , +} z , cr) has spectral 
type p (i.e. any spectral type can be achieved by an ergodic, probability preserving 
Z-action with entropy less than log 2). 

We complete the proof of spectral abundance by showing how the spectral prop- 
erties of the dynamical system (Z, T, P„) reflect those of ({ — , +} z , cr, v). 

For any 77 e { — , +} z , the Z 2 -random field (Z, P|z 2 x{o}> ^7) is weakly Bernoulli, 
whence strongly mixing. Thus for u 6 P e ({ — , +} z , cr), 

(1) P,(AnT (ni , B2i0) B) — > / P,(A)P,(/3)^)VA,Be6(Z). 

(ni,7l2)— >oo 

The measures n^+i II ^ e "Pe(Z> 'Z(Z), e*5) are weak Bernoulli equilibrium 
measures on Z. 

If 1/ e P e ({-,+} z ,cr), 1/ ^ <*(-,-,...)> thcn (Z,T,P V ) is not strongly 

mixing because: ^ is not a point mass whence + p P r) (j4) 2 d^(?7) > P U {A) 2 
whenever < P,(^4) < 1 and strong mixing of (Z,P„,T) is eliminated by (1). 

By part b) of proposition 4.1, the weak mixing, mild mixing, total ergodicity of 
T is equivalent to that of S, which in turn is equivalent to that of a (respectively). 
□ 
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